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Alternative discrete Painlevé I equation
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Painlevé Equations
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Special function solutions of Painlevé equations
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Monic Orthogonal Polynomials

Let P,(z),n=10,1,2,..., be the monic orthogonal polynomials of degree
n in z, with respect to the positive weight w(z), such that

b
/ P, (z)P,(r)w(z)dr = hydmp, hyp >0, m,n=20,1,2,...

One of the important properties that orthogonal polynomials have is that
they satisfy the three-term recurrence relation

ePy(z) = Pyi1(x) + a,Pp(z) + B, P-1(2)

where the recurrence coefficients are given by
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b
and p = / 2" w(x) dz are the moments of the weight w(z).

University of Kent
SANUM, Stellenbosch, March 2016



Semi-classical Orthogonal Polynomials

Consider the Pearson equation satisfied by the weight w(x)

d
—fo(w)o()] = T(z)o(a)

e Classical orthogonal polynomials: o(z) and 7(x) are polynomials with
deg(c) < 2 and deg(7) =1

w(x) o(x) 7(x)
Hermite exp(—z?) 1 —2x
Laguerre x” exp(—x) T l+v—2x
Jacobi | (1—-2)*1+2) | 1-22  B—a—2+a+pB)x

e Semi-classical orthogonal polynomials: o(z) and 7(x) are polynomi-
als with either deg(o) > 2 or deg(7) > 1

w(z) 7(2)

t — x?

1+v+te — 222
2+ 2 + 2x? — 474

Airy exp(—32° + tx)
semi-classical Hermite | |z|”exp(—z® + tz)
Generalized Freud ||z|* "' exp(—2* + t?)
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If the weight has the form
w(x;t) = wo(x)exp(tx)

©.9)

where the integrals / 2Fwo(z) exp(tz) dz exist for all & > 0.

— 00

e The recurrence coefficients «o,,(t) and 5, (¢) satisfy the Toda system

day, dfn
e The kth moment is given by

. ark \J_ at*

e Since yu(t) = o then A, (t) and A,(t) can be expressed as Wronskians

d dn—l dj+k n—1
Ap(t) =W (,uo, ﬂ, . —'LLO> = det [ . MO]
k=0

T dt dp/
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An Alternative Discrete Painlevé I Equation

Ai'(t)
Ai(t)

Tp + Tptl :yi_t
xn@n -+ yn—1> = n

ZC()(t) = O, y()(t) = —

e PAC, A Loureiro & W Van Assche, “Unique positive solution for the
alternative discrete Painlevé I equation”, Journal of Difference Equations
and Applications, DOI: 10.1080/10652469.2015.1098635 (2016)
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Ai'(t)
A

Tp + Tpat :yfl—t
xn<yn + yn—l) =N

ro(t) =0, wolt) =

The system is highly sensitive to the initial conditions [50 digits]
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Orthogonal Polynomials on Complex Contours
Consider the semi-classical Airy weight

w(zx;t) = exp (——a: +tx), t>0

27i/3 —2m/355. The moments are

on the curve C from e oo to e

po(t) = /Cexp (—32” + tz) dz = Ai(t)

k
pi(t) = /xk exp (—32° + tz) do = %Al( ) = A% (¢)
C
where Ai(t) is the Airy function, the Hankel determinant is
JJ+Fk
A, (t) = W(AIL(t), A'(t), . . . ,Ai(”_l)(t)) = det [ - Ai(t)]
dt’™ 5.k=0
with Ay(¢) = 1, and the recursion coefficients are
d At d?
nlt) = l ) n )
wlt) =gh R Ol =gl
with . N
, 1'(t
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The recurrence coefficients «,(t) and 3,(t) satisfy the discrete system

(an + O‘n—l)ﬁn —n =20

1
O‘i"‘ﬁn"i_ﬁnJrl_t:O D
and the differential system (Toda)
day, dfy,
dt — 6n+1 — Bna dt — ﬁn(an — O‘n—l) (2)
Letting z,, = — 3, and y,, = —«,, in (1) and (2) yields
n 1T Tn — EL — 1
44 Ln+1 Y (3)
le(yn + yn—1> =N
which is the discrete system we're interested in, and
dz dy
no_ _ ZIn _ 4
dt xn(?Jn—l yn)a dt Ln+1 Ln ( )
Then eliminating z,,.; and y,,_; between (3) and (4) yields
dy, 5 dz,
., — 2 n = —2 nYn 5
T = Y 20— 1 = TplYp + N (5)
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Consider the system

% =y — 2w, —t, ddftn = =2y, + 1N
e Eliminating z, yields
d;;” — 23 — 9ty — 2n — 1
which is equivalent to
j—zq:2q3+zq+n+%

1.e. Ppwith A=n+ %
e Eliminating vy, yields

2z, 1 [fdx,
dt

2

2
n
) b,
20,

At 2z,
which is equivalent to
d*v 1 [(dv\~ n?
= Ty p—
dz?  2v \dz

an equation known as P;,.
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Tn + Tnil :?Ji—t
xn(?Jn =+ yn—l) =N
Solving for x,, yields

n—+1 n
+
Yn + Yn+1 Yn =+ Yn—1

which 1s known as alt-dP; (Fokas, Grammaticos & Ramani [1993]).
We have seen that y,, and x,, satisfy

dt? :
Az 1 /[dx n?
L n 422 + 2txw, — —

de? 2z, ( dt ) Ay 2,

which have “Airy-type” solutions
d . 7,(t) d?
nit) = Gt mlt) =
where |
dj+k:
T, (t) = det [dtj+k Ai(t)] , o n>1
j,k=0

and To(t> = 1.
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Theorem (PAC, Loureiro & Van Assche [2016])
For positive values of t, there exists a unique solution of

Tn + Tnit Z?J?z—t
To(Yn + Y1) =10
with xy(t) = 0 for which x,.1(t) > 0 and y,(t) > 0 for all n > 0. This solution
corresponds to the initial value
Ai'(t)
t) = — |

Theorem (PAC, Loureiro & Van Assche [2016])
For positive values of t, there exists a unique solution of
n+1 n
_|_
Yn -+ Yn+1 Yn + Yn—1

for which y,(t) > 0 for all n > 0. This solution corresponds to the initial
values

Ai'(t) 1

Yo(t) = TAIL) y1(t) = —yolt) + 20 —1
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Conjecture If0 <t <t,then
yn<t1> < yn(t2>a xn<t1> > xn<t2>
i.e. y,(t) is monotonically increasing and x,(t) is monotonically decreasing.

Conjecture For fixed t with t > 0 then
1 T, (t) - Tpa1(t)

\/ZL < yn(t> < yn+1<t)7

— >
2/t n n+1

0 5 10 15 20 0 5 10 15 20
t t

yn(t), n=1,5,10,15,20 Ly (t), n=1,5,10,15,20

n
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Question: What happens if we don’t require that ¢ > 0?

d To(t)

Yn(t) = ——1In

dt 71 (t)’

3,

|
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Question: What happens if we have a linear combination of Ai(¢) and Bi(#)?

2

d d
Yo(t; ) = I p(t; ), r1(t;0) = — 0z In ¢(t; 1)

©(t; 1) = cos(V) Ai(t) + sin(d) Bi(t)

Yo(t; V) r1(t;0)

1
=0 m.o g g g lp 1y

» 100071002510 5 0 2
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Airy Solutions of PH’ P34 and SH

d2q 5
@:2q +zqg+n+1 Py
2p 1 /dp\?
pd_é) =3 (£> +2p° — 2p” — %nz Py
z
20\ do\’ do [ do 2
(@) + 4 (@) + 2@ (Z@ — O') = in SH

e PAC, “On Airy Solutions of the Second Painlevé Equation”,
Studies in Applied Mathematics, DOI: 10.1111/sapm.12123 (2016)
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Airy Solutions of P, P3; and Sy;

d?q,,
de —2q2+zqn+n+% P
d?p 1 [dp .
» no__ - -rn 9 S 2 1,2 P
dZ2 2<d2) + Pn ZPn Qn 34
d2o : do \° do do
n A n 9 n no_ _ 1,2 S
(37) +1 (&) 2 (F-r) - :
Theorem
Let

©(z;0) = cos() Ai(C) + sin(d) Bi((), =—2713;
with ¥ an arbitrary constant, Ai(() and Bi(() Airy functions, and 7,(z) be
the Wronskian

dgp dn_lgp
n 719 — Y 1ttt —_
then
d ., Tz 0) d? d
n\<; — I ) n\<; = —2—In7, ;U)s n\<; = —InT, :
qn(z;0) e nTn+1(Z;19) palz; ) T (2;7),  onl(z;0) T (2;9)

respectively satisfy Py, Py, and Sy, with n € Z.
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Airy Solutions of Py
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Airy Solutions of Pj; with a = 3
(Fornberg & Weideman [2014])

o(z:0) = cos() Ai(—27Y32) + sin(¥9) Bi(—2732)
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Tronquée Solutions of P;; (Airy with v = 0)
(Fornberg & Weideman [2014])

d d . W) d . Wlp,¢)
0) = ——1 0) = —1 0) = —1
QO(Z; > dz ne, Q1(Za ) dz I W(SO, (70,)7 QQ(Z, ) dz n W(Spa S0/7 S0//)

with o(z;0) = Ai(—271/32)
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4 F
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Airy Solutions of Py,
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Airy Solutions of Py, Pu(2;0) = —2—5In7,(2;0)

dz

4

2/\ /‘\
3,
1,

- of k- 0 1)

-1

) U _2

n = 27 n — 4 n = 67 n = 8
University of Kent

SANUM, Stellenbosch, March 2016



Airy Solutions of Py,

d2p 1 (dp 2 5 5
n_ (X2 IS — _ 1,2
dz* 2 ( dz ) Pn = “Pn = 31

Theorem (PAC [2016])
If n € 27, then as z —

Pa(2;0) = \/% COS (%\/5 232 %mr) + 0(2_1/2)

n
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Its, Kuijlaars & Ostensson [2008] discuss solutions of the equation

p
’u,g% — 1 % + 4 + 2tu? — 252 (1)
dt2 2\ q¢ 5 5

where (3 is a constant, which is equivalent to P3; through the transformation
p(z) = 2Y3u(t), t=—2"13;

and 3 = Ja + 1 in their study of the double scaling limit of unitary random
matrix ensembles.

Theorem (Its, Kuijlaars & Ostensson [2009])
There are solutions ug(t) of (1) such that ast — oo
B2 L O(t72), as t— oo
us(t) = { ~1/2 ( 2 3/2 —2 (2)
B(—t) 2 cos {5(—t)* — pr} + O(t7?), as t— —oo

e Letting 5 = 1 in (2) shows that they are in agreement with the asymptotic
expansions for ps(z;0).

o Its, Kuijlaars & Ostensson [2009] conclude that solutions of (1) with
asymptotic behaviour (2) are tronquée solutions, i.e. have no poles in a
sector of the complex plane.
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Airy Solutions of Sy;
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Airy Solutions of Sy;

2,

0.5

Plots of 0,,(z;0)/n forn =2,4,6,8
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1.5

‘

on(z;0) = % In W (go, Q. .., g0<”_1)), O = Ai(—2_1/3z)
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Airy Solutions of Sy;

d’0, ’ L4 do, ; N 2dan do, B 19
dz? dz = \“az 7)) T A"
Theorem (PAC [2016])

If n € 27, then as z — o

on(2;0) = a {n — 2sin (%\@23/2 _ %nﬁ)} 4 0(2_1)

8z
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