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Tronquée solutions, Boutroux [1913]
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Lin, Dai and Tibboel [2014] proved
the existence of tronquée Py
solutions whose pole-free sectors
have angular widths of

emand 2w ify=1and d = —1, and
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McCoy, Tracy and Wu [1977] derived asymptotic formulae
for tronquée solutions with parameters o« = -3 =2v, v =1
and 0 = —1 and applied their results to the Ising model.
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Tronquée Pr;; solutions
1
The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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1
The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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Tronquée Pr;; solutions
1
The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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Tronquée Pr;; solutions
1
The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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The MTW solutions: o« = -3 =2v,~v =1, = —1. For the case \ > —,
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets
other than the main sheet of the MTW solutions

Lin, Dai and Tibboel [2014] proved the existence of tronquée
Py solutions whose pole-free sectors have angular widths
of
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties
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Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L _ 095 A= 02180/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (. 9F A= 0.2200/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.3000/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.3050/%
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|
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (.9F A= 03760/ 7
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: -10

-10 0 10 -
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.3800/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.4900/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.4050/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

o= (.9F A= D.EﬂDD/(TT
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (1 9F A= 0.6180/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.6050/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (1 9F A= 0.7000/7
10 ¥,
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.7550/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.7600/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.7950/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.8000/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (1 9F A= 0.8500/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (.95 A= 0.8580 /7

Im =z

Im =z




Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (). 9F o= 0.8850/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.8000/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (. 9F A= 0.9100/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.0150/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

v — (). 9F A= 0.9250/7
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(2)

Ontheregion {z € C| 7w < argz < 97w} we have found

e 16 tronquée solutions if v € 7Z.

L — 095 A= 0.9300/%
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Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

On the region {z € C | 7w < argz < 97} we have found

e 16 tronquée solutions if v ¢ Z. They have the properties

1 3
u(z) ~ =1, |z| = oo, </€+§>7T<argz< <k+§>7r

k= 8.6,4,2

k= 8.6.4

k = 8,6

k=38

3
u(z) ~ 1, |z] — oo, ( >W<argz< (k—|—§>7r

k=17,53

k=15

k=17

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

Ontheregion {z € C |7 < argz < 97w} we have found

e 72 tronquée solutions if v € Z. They have the properties

w(z) ~i, |z| o0, kr<argz<(k+1)m

= 8,7,6,5,4,3,2.1
— 8,7,6,5,4,3

— 8,7,6,5

—~ 87

™~ o o
|

w(z) ~ —i, |z| > 00, kr<argz<(k+1)7w

k = 87,654,372

k = 87,654
k= 8.7.6
k=8

Conjecture: The sequences continue indefinitely



Tronquée Pr;; solutions

As X is varied, multiple tronquée solutions occur on sheets other than
the main sheet of the MTW solutions, u(z)

Ontheregion {z € C |7 < argz < 97w} we have found

e 72 tronquée solutions if v € Z. They have the properties

u(z) ~ =1, |z| = oo, <k+%>7r<argz<<k+§>7r

k= 8.7.6.54.321

k= 8.7.6.5,4.3

k= 8.7.6.5

k =38,7

1 3

u(z) ~ 1, |z] = oo, (k+§>7r<argz<(k+§)7r

k = 8.7.6,5,4.3.2

k= 8.7.6.5,4

k= 8.7.6

k=38

Conjecture: The sequences continue indefinitely



Future plans
e Survey tronquée Pjyr solutions with a = 1,4 = 0 and
0=—1
e Survey single-valued Py solutions
e Survey triply branched Py solutions
e Extend computational method for Pyyy to

d*u (1+ 1 )(du)21du+(u—1)2(au+,8)+7u+5u(u+1)

:@: 2u  u—1 dz 2dz 22 U z u— 1

du 1L L L N (de) (11 1 (d
" dz2 2\u u—1 u-—=z dz z z—1 wu—z dz




How to compute Pr;r?
Challenges:
e Moveable poles: the ‘Pole Field Solver’ (PFS), Fornberg & Weideman [2011]

u(z),u'(z) — Taylor coefficients — Padé approximation at z + he'
Stage 1: pole avoidance on a coarse grid

Stage 2: compute the solution on a fine grid

14—?\/_// |

N e ¢5%§ |
8 12F @

16 14 12 10 8 0

Single-valued Painlevé transcendents: Pr, F & W [2011] ;
Prr, F & W [2014, 2015] ; Pry, Reeger & F [2013, 2014]

e Multivaluedness




How to compute Pr;r?
Challenges:
e Moveable poles: the ‘Pole Field Solver’ (PFS), Fornberg & Weideman [2011]

u(z),u'(z) — Taylor coefficients —» Padé approximation at z + he'
Stage 1: pole avoidance on a coarse grid

Stage 2: compute the solution on a fine grid
14
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Single-valued Painlevé transcendents: Pr, F & W [2011] ;
Prr, F & W [2014, 2015] ; Pyy, Reeger & F [2013, 2014]

e Multivaluedness




How to compute Pr;r?

Second challenge: Multivaluedness
Make the paths run in the right direction
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How to compute Pr;r?

Second challenge: Multivaluedness
Make the paths run in the right direction
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How to compute Pr;r?

Second challenge: Multivaluedness

zdz Z U

d? du\’> 1d 2 5
PIII: —u:— _”LL ———u—|—au +ﬂ+’yu3+—
dz u \ dz

Let z = e%/2, u(z) = e=$/2w(¢) in Pyyp, then

—~ dw dw 1 5e26
Pryrr: d—CQ (dC) (aw + ~yw —|—,3€<—|— - ),

and all solutions of Pyjy are single-valued

Hinkkanen & Laine [2001]. (z =0 = ( = —o0)



How to compute Pr;r?




Tronquée Pr;; solutions

u(z) ~1—=AT(v+1) 2 W= (/Y2 T — 00
1 1
u(x) ~ Bx?, r— 07, —— <A< —
m m

v = -0.5000 v = -0.5001

10

—1I0 0 1I0 —‘|I0 0 1I0 —‘|I0 0 ‘|IU
A = 2.50e-004/m A = 2.50e-004/m
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Tronquée Pr;; solutions

MTW solutions: u(z) ~1— AT (v +3) 272~ 7 — o0
Limiting solution: u(z) ~ 1 — kx=v~(1/2)¢=2, T — 00

v — -0.4999 v — -0.5000 v = -0.5001

o
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0
0

10

10 0 10

A = 2.50e-004 /7

Im z




Tronquée Pr;; solutions

MTW solutions: u(z) ~1— AT (v +3) 272~ 7 — o0
Limiting solution: u(z) ~ 1 — kx=v~(1/2)¢=2, T — 00

v — -0.4999 v = -0.5000 v = -0.5001

@
)
@
10 0 10 10 0 10 10 0 10

A = 2.50e-004 /7

Im z




