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Hospital services
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Introduction

Aims

Minimise patient waiting times

1. Understand the queueing process:
Detailed model
Data
2. Make practical decisions:

Ongoing feedback

Accessible with matric maths



Model

General model
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Queueing theory
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Queueing theory

Queueing theory

gi: number of patients in the it queue
R: routing matrix
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Queueing theory

Queueing theory

;. arrival rate
Li: service rate

ai

Hi



Queueing theory

Patient profiles

p- . .
AZ: arrival rate for profile p

w?: service rate for profile p




Queueing theory

Problems

Multi-class queues (Kelly network)
Non-stationary arrival rates \?(t)
Time-dependent servers s;(t) € Ny

Transient queues - variation in traffic intensity

Large state space



DE model

Fluid approximations

@ Deterministic model for expected queue length
o First-order DE's
@ Approximate discrete queues with continuous functions

@ Represent arrivals/exits with continuous (mean) flows



Equations

DE model



DE model

Arrival rate

p

A7 (t) Z RP (t)

©: external arrival rate for profile p
RJP,.: probability of moving from process j — i

p P
R1,i:“1

p P p
Ri ok q;

P P
ani/J’n



DE model

Traffic intensity

P(1\.-P

> o1 A7 ()7
si(t)

T,-p: minutes to treat patient type p at process i

si(t): staff on duty at process i

pi(t) =

Case 1: no backlog
e pi(t) <1
and

Case 2: backlog
e pi(t)>1
or
° X phiai(t)=0 ° > ,L1qf(t)>0



DE model

State function

oi(t)

1 S NP <si(t) && qi(t) =0
0 otherwise



DE model

Service rate: no backlog

Patients are treated on arrival:

W2 () = AP(1)



DE model

Service rate: backlog

New arrivals join the queue.
Staff must divide their time between different patient profiles:

P(£)s;
up(e) = 2O (:_)p ©
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Service rate: backlog

New arrivals join the queue.
Staff must divide their time between different patient profiles:

P(t)s:
b () = 20 (:_)p U

Weights 3 are proportional to the number of patients and their
treatment needs:

BE(t) = ci(t)qf (t)7F



DE model

Service rate: backlog

New arrivals join the queue.
Staff must divide their time between different patient profiles:

P(t)s:
b () = 20 (:_)p U

Weights 3 are proportional to the number of patients and their
treatment needs:

BE(t) = ci(t)qf (t)7F



DE model

Service rate

si(t)qf (1)
Yk aF ()T + o

s {1 ST <s() & a()=0
0 otherwise.

pi(t) = AP (t) + (1 - 1)



DE model

Initial DE model

dqf’
L = \P(t) — pP(t
dt I() :U’l()

AP(8) = aP(t) + S0 REuE(t)

L oy si(t)a(t)
M,‘p(t) = (rbl)‘f)(t) + (1 ¢I)Z;{n:1 qlk(t)Tik + ¢i

oi(t) :{; S N0 < si(t) && qi(t) =0

otherwise.



DE model

Initial DE model

Unknown functions: qf, A7, u?, ¢;

Function ‘ Units ‘ Equation
qIP Patients Differential
A? Patients/time | Algebraic
w? Patients/time | Algebraic

Gi Binary Algebraic
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Substitutions




DE model

Substitutions

dgf _ dA? dUf

dA L dUP
F_ ( )+ZJ 1 JI dt

duP dUP si(t)qP(t)
de ( O+ B dt)+(1_¢')ZT_1qf(t)T,-k+¢;

0 otherwise.

p
¢i(t) {1 ZT:Pdc:\tl P <si(t) && qi(t)=0



DE model

Substitutions

af(t) = N(t) = UP(1)

A() = AP(t) + 37, RIUP(1)



DE model

Substitutions

duP » dUf si(t)ar ()
dt < O+ 25 R dt ) +(1_¢i)ZT:1Q,k(t)Tik+¢i

¢i(t) = {1 Y- 1d(:\t i(t) <si(t) && qi(t) =0
0

otherwise.



DE model

Substitutions

duP » dUf si(t)ar ()
dt < O+ 25 R dt ) +(1_¢i)ZZ’:1Q;((t)Tik+¢i

P=1 gt
0 otherwise.

¢i(t) {1 s N <si(t) @& at) =0

af(t) = AN(t)+ X RYUP(e) — UP(t)

dA? p dUP

TR Y =




DE model

Final DE model

dUP
¢:< +Z J’dt)
si(t) (A7 (t) + 327, R UP = UP
+(1¢>i)< ( : ) )

Zk:l Ti (AI (t) + Z_] 1 R_jkl Uk Ik> + d)i

,dUP
1 E ( (t)+EJ 1 _/I dt )Ti sz(t)
bi(t) = && AP(t)+ Y0 RPUP — UP =0

0 otherwise.



DE model

Numerical solution

© Solve DE's for U? and ¢;:
Initialise t = 0, UP(0) = 0 and ¢;(0) = 0.
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Initialise t = 0, UP(0) = 0 and ¢;(0) = 0.

0 Calculate UP(t + At)
@ Update ¢;(t + At)



DE model

Numerical solution

© Solve DE's for U? and ¢;:
Initialise t = 0, UP(0) = 0 and ¢;(0) = 0.
0 Calculate UP(t + At)
@ Update ¢;(t + At)
O If ¢i(t + At) = ¢(t):
o t=1t+ At



DE model

Numerical solution

© Solve DE's for U? and ¢;:
Initialise t = 0, UP(0) = 0 and ¢;(0) = 0.

0 Calculate UP(t + At)

@ Update ¢;(t + At)

0 If ¢i(t+ At) = ¢i(t):
o t=t+ At

0 If ¢i(t + At) # ¢i(t):
o Locate discontinuity at t + ¢
o Calculate UP(t + 9)
o Calculate ¢i(t +6%)
et=t+0
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Results: Queue length 20/33

Queue length: Clerk Queue length: Vitals
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Results

Results: Queue length 20/33
Queue length: Blood Queus length: Xrays
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Results

Results: Rate of change

Quene rate of change: Clerk Queue rate of change: Vitals
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Results

Results: Rate of change

Qrusus rate of change: Blood Crusue rate of change: Xrays
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Results

Results: Accuracy

Queue length: Simulation vs DE




Results

Results: Accuracy

Simulated queue length vs % difference
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Conclusion

Conclusion

@ DE results give less information than simulations
e Fairly accurate for long queues/high traffic intensity

@ Can usually predict queue growth
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