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Modelling process

Model formulation

Problem description

(a) Tortuous fracture (b) Two-dimensional symmetric model
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Modelling process

e Reynolds flow law

e General flow law (Fitt et al): Substitute h* by a,h"

2
« Fluid flux:  Q(t,x) = —wanh”gz(t,x),
« Width averaged fluid velocity: v,(t,x) = —ﬂh"—l@(t x)
g y X ) - 3” 8X ) )
.  Oh _ a, 0/, ,0p
* GOVernlng PDE: a = @&(h 87)

e Crack laws
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(a) Partially open fracture

(b) Open fracture
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Modelling process

E
e PKN approximation: o,,(t,x) = o) — Ah(t,x), A= A=98

e Linear crack law (Pine et al [3], Fitt et al [1], Kgatle & Mason [2])

e Hyperbolic crack law (Goodman [4])

k(hmax — h(t,x))

P(t,X) + PZ(tvx) = _UZZ(t7X)7 pz(t,X) - h(t,X) — hmin

where k < 0.

* hmin << hmax, .”. assume hpi, =0 (Fitt et al [1], King and Please [9])

khmax \ Oh
* Pressure gradient: %(t,x) = (A /;;a )gx
* Transformation variables: x* = i, h* = h , * E,
[-o hmax Lo
Q
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Modelling process

Governing equations

. - Oh 0 wnOh* wn—2 Oh*
* Governing PDE: 9 = K,,ax* (h v + ¢h 6x*)
x BCs:
h*(t*, L(t)) =0,
oh* _ oh* dv*
_2Kn h*n , >(<7 h*n >l<7 *’ — —_
( (£,0)5 - (£7,0) + 0h™3(¢",0) (¢ o>> pl

h* h*
« Fluid flux:  Q*(t",x") = —2K, <”*"gx* + (bh*n_ng*)’

ox* Ox*

anhm:3 1 k
K, = Zn-max = - k <0.
(L) e ke

h* h*
+ Width averaged velocity: V2(t*, x*) = — K, (h*”_la + ¢h*”_3a )
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Group invariant soln.

Group invariant solution

Oh 0 Oh Oh

=Ko (W' + 0h" 2= ).
ot " Ox ( Ox +¢ ax)

e Other methods of solution (Huppert [7], Spence and Sharp [10])

e Lie point symmetry generator:

0
(C1 + C2t)(‘)t

where ¢, ¢, and c¢3 are constants.

Co 8
(C3 + EX)a

% X(¢ — h)|¢=hn = 0 — a linear PDE — Group invariant solution:

h=F(¢) = {(Z) 2;%} f(u), €= (%)%, u= %

« Important half-width condition:  h*(0,0) =

* Partially open fracture: 0 <3< 1

M. R. R. Kgatle, D. P. Mason

Hyperbolic hydraulic fracture with tortuosity



Group invariant soln.

The problem is to solve

* BVP:
d $f2(0) fn- 2df d B
= (f W R + o (uf) = =0,
f 1 !
f"(O)Z—(O) = f(u)du.
L

« Length: L(t) = (1 + 2(’c(ﬁm>nKnt> E,
* Volume:  V/(t) = 25L(t) 1 Mdu,

« Half-width:  h(t,x) = 5M
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Group invariant soln.

* Fluid flux:

K, 8 \nt n ¢f(0) of
Q(t,x) = —2 ()( ()) <f + 55 )au’

x Width averaged velocity:

- _ Kn Bn n— ¢f2(0) n— of
Vi(t,x) = _L(t)<f”(0)) (f 1y 7 f 3)811’

where
K. h;;,a§< 1 ) oo K
3 1 _ USO) ’ /\hmax
Ahmax
and
0<pB<1l.
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Operating conditions

Operating conditions

Conservation laws

e Double reduction theorem (Sjéberg [8])

e Conservation law for a PDE

D, T! + D, T? =0
PDE

where D; and D, are total derivatives
De = & + he iy + bre g + hut g + -
Dy = 2+ huy + hoeggs + hocgh + -
respectively and T = (T, T2) is a conserved vector.
e New conserved vector (Kara and Mahomed [12]):
T = X(T)) + T'Di(¢¥) — TFDi (&), i=1,2.

e Association (Kara and Mahomed [13]):  T* = 0.
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Operating conditions

e Hyperbolic hydraulic fracture with tortuosity
oh 0 ( ,Oh

oK

Oh
i hn— 2
ot Ox +é

Ox 8x)

* From the elementary conservation law, the conserved vector is
Ty = (h,—Ka(h" + ¢h""2)hy),
New conserved vector: Tzkl) = %T(l).

* From the second conservation law, the conserved vector is

hn+1 hnfl , o
T(2) = Xh’ K" n +¢(n_ 1) _X(h +¢h )hX 3

New conserved vector: T, = 3T (1) + 2 T(2).

* Association for non-trivial solutions is not satisfied
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Operating conditions

Comparison of Lie point symmetries

e Hyperbolic hydraulic fracture:

et 207

0
X = (C1—|—C2t) Ix

at

e Linear hydraulic fracture:

=(ca+ c2t)aat + (3 + C4X)8ax + ,17(2c4 — C2)h§h
X=(GHe)a+ (G4 g pa Dy
n= %(a—l)h—O provided a—%
X=(a-+ czt)% + (3 + %x)a%

e Constant pressure working condition
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Numerical soln.

Numerical solution

Method of solution
e BVP — 2 IVPs
* Transformation variables: @ =~yu, f =+
e Asymptotic solution, (as u — 1)
32

f(U)N[(n—2)¢f2w)]n (1—u)m2, for 2<n<5,

h(t,x)Nﬁ[(n_z)(ﬁfﬂZzo)]nﬂ <1_X>n12’
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Numerical soln.

Numerical results

Partially open fracture (8 = 0.5) propagating with fluid injected at the

fracture entry at a constant pressure. The numerical solution for the

half-width h(t, x) plotted against x for increasing values of the scaled
time K,t and for (a) n=4, (b) n=3, (c) n=2.5.
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Numerical soln.

Variation of ¢

(a) (b)
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Partially open fracture (8 = 0.5) propagating with fluid injected at the
fracture entry at a constant pressure for (i) ¢ =0, (ii) ¢ = 0.1, (jii)
¢ =0.5, (iv) ¢ =1 and for n = 3. (a) The half-width of the fracture
plotted against x for the time scale K,t = 20 (b) The length of the

fracture plotted against Kjt.

M. R. R. Kgatle, D. P. Mason

Hyperbolic hydraulic fracture with tortuosity



Width averaged fluid velocity

Averaged velocity

) ) % f(0)\2) df
Velocity ratio : dL/dt f7 1+ ¢< B ) au
(a) (b) (c)

¢=0.1

1

Vi(dLid)
V(L)

Vi(duidt
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u u
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u

Velocity ratio curves dL/dt plotted againt u for a partially open fracture
(8 = 0.5) propagating with fluid injected at the fracture entry at a
constant pressure and for (a) n =4, (b) n=3, (c) n=2.5.
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Width averaged fluid velocity

Averaged velocity

) ) f(0)\2) df
_gn—1 T\ ki o
Velocity ratio : dL/dt f 1+ ¢< B ) W (1-Au+A
(a) (b) (c)
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Velocity ratio curves dL/dt plotted againt u for a partially open fracture
(8 = 0.5) propagating with fluid injected at the fracture entry at a
constant pressure and for (a) n =4, (b) n=3, (c) n=2.5.

M. R. R. Kgatle, D. P. Mason

Hyperbolic hydraulic fracture with tortuosity



Averaged velocity

Approximate analytical solution

e Problem for2 < n<5: "+ pf"2+4q=0,

_ ngf?(0) (1= A) (A+1)
where p_m’ CI—n(TUQ—i—Au— ; )
(A+ 1)\ n(n—2)p% |~

and f(0) = ( 5 ) 52(n—2) 1 on

e Special case of n=3: 3+ pf 4+ q =0,

1/3
2
Flu) = (V3V/4p3 +27¢ — 99)'/3 (5) P
- 01/332/3 (vV3/4p3 4 27¢% — 9q)1/3
e Special case of n=4: f*+ pf2+q=0,
\/—p +Vp*—4q
V2

fu) =
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Averaged velocity

e General case 2 < n < b:

o~ [(A4D) =240 - (1= AP0ln - 2P (W) |
B 2[32(n — 2)f2(u) + ¢nf2(0)]
_[[A+1) 20— (1 = AZ)Pn(n - 2] "
1 = 2[8?%(n — 2)fi2 + ¢nf2(0)] ] , 1=0,1,2,..s,

Aip1= [ziﬁzn(n—2)[/32(n—2)+¢n]i]i /0 (1)

1
n

f_2
2 2I 2 2 du,
<2"ﬁ2(n —2)[32(n—2) + pn] £2 + ¢n(A; + 1) [n(n — 2)52]">

s+ 1 = No. of iterations for convergence to be achieved
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Averaged velocity

K, t=20 = 025

K =0

Comparison of the numerical (—) and the approximate analytical
(= — —) half-width solutions plotted against x for increasing time scales
Knt and for (a) n=4 (b) n=3 (c) n=2.5.

fracture



Conclusion

Conclusions

e Earlier paper: the linear crack model was found to give both
fluid injection and extraction solutions.

e The hyperbolic crack law model was found to admit only one
solution of fluid injected at constant pressure at the
fracture entry.

e All solutions for the linear crack law model were found converge
to the constant pressure solution.

e An analytical solution could not be derived. A numerical solution
was therefore investigated and obtained.

e The width averaged fluid velocity was obtained to increase approx
linearly along the fracture length.

e The approximate analytical solution may be required in practice.
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Conclusion
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