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Simultaneous Gaussian quadrature

Introduced by C.F. Borges in 1994 (goes back to Angelesco 1918).

r measures [i1, ..., (i, are given, one function f : R — R.
We want to approximate r integrals

[redmta,  1<is<r

by means of quadrature sums of the form

Z)\X)Nf(xk,N), 1<j<r,

N
k=1

and the quadrature needs to be correct for polynomials of degree
as high as possible.
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Multiple orthogonal polynomials

Type Il multiple orthogonal polynomial Pz for the multi-index
in=(n1,...,n,) € N is the monic polynomial of degree
|A| = n1 + np + ...+ n, for which

/kaﬁ(x)duj(x):O, 0<k<n -1, 1<j<r.
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Multiple orthogonal polynomials

Type Il multiple orthogonal polynomial Pz for the multi-index
in=(n1,...,n,) € N is the monic polynomial of degree
|A| = n1 + np + ...+ n, for which

/xkpﬁ(x)duj(x):o, 0O<k<nm-1, l1<j<r

Theorem

If we choose as nodes the zeros x 5 of Py and if we take
A0, = [ tualo) ).
(Cx 5 fundamental polynomials of Lagrange interpolation). Then

|7l

> /\(k{),;p(xk,ﬁ) = / p(x)dui(x),  1<j<r

J=1
whenever p is a polynomial of degree at most |ri| + nj — 1.
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Multiple orthogonal polynomials

Type Il multiple orthogonal polynomial Pz for the multi-index
in=(n1,...,n,) € N is the monic polynomial of degree
|A| = n1 + np + ...+ n, for which

/xkpﬁ(x)duj(x):o, 0O<k<nm-1, l1<j<r

Theorem

If we choose as nodes the zeros xi m of P, . ny and if we take
A= [ ) di(),

(¢k,rn fundamental polynomials of Lagrange interpolation). Then
ZAka Xk,rn :/p(X)d,le(X), 1<j<r

whenever p is a polynomial of degree at most (r + 1)n — 1.
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Angelesco systems

An Angelesco system is a system of r measures such that

supp(i) C [aj, bj]

and the intervals (a1, b1), ..., (ar, by) are disjoint.
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Angelesco systems

An Angelesco system is a system of r measures such that
supp(x) C [aj, bj]
and the intervals (a1, b1), ..., (ar, by) are disjoint.
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Angelesco systems

An Angelesco system is a system of r measures such that
supp(x) C [aj, bj]
and the intervals (a1, b1), ..., (ar, by) are disjoint.

—o<ar<bhh<a<b<.---<a <b <

Property

The type Il multiple orthogonal polynomial Pz for an Angelesco
system always exists and has nj zeros on (aj, bj) for 1 < j <r:

Pa(x) = HPn,J(X
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Angelesco systems

An Angelesco system is a system of r measures such that
supp(x) C [aj, bj]
and the intervals (a1, b1), ..., (ar, by) are disjoint.

—o<ar<bhh<a<b<.---<a <b <

Property

The type Il multiple orthogonal polynomial Pz for an Angelesco
system always exists and has nj zeros on (aj, bj) for 1 < j <r:

Pa(x) = HPn,J(X

In fact pj ; is an ordinary orthogonal polynomial of degree n; on
[aj, bj] for the measure [];; |psi(x)| dpj(x).
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Known results

Property (Nikishin-Sorokin)

The quadrature weights have the following properties

N

k,rn

> 0, if Xk,rn € [aja bj]a
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Known results

Property (Nikishin-Sorokin)

The quadrature weights have the following properties

N

k,rn

> 0, if Xk,rn € [aja bj]a

and AV has alternating sign when xy m € [a;, bi] with i # j.

k,rn
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Known results

Property (Nikishin-Sorokin)

The quadrature weights have the following properties

/\g’)m >0, if Xk,rn € [aj, bj],
and )\g)m has alternating sign when X rn € [ai, bj] with i # j.
Furthermore )\S(j)m is positive for the zero in [a;, bj| closest to
[a), bj]-
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Simultaneous quadrature on two intervals

We consider only two intervals [a1, bi] and [a2, bo], with by < a».
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Simultaneous quadrature on two intervals

We consider only two intervals [a1, bi] and [a2, bo], with by < a».

We set
P(nny(x) = (=1)"pn(x)qn(x),
with
n 2n
po(x) = [ =%20)s  an(x) = (=1)" T (x = xj20);
j=1 j=n+1

i.e., pp has zeros on [a1, b1] and g, has zeros on [ay, by].
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Simultaneous quadrature on two intervals

Quadrature rules:
2n 1) b
> AR POsn) = [ PO dia(x),
j=1 a

2n

) >
E :)‘j,2nP(Xj72") :/ P(x) dpa(x),
a

j=1
for every polynomial P of degree < 3n— 1.
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Simultaneous quadrature on two intervals

Quadrature rules:
Ej A p " Pl d
'j,2n (X_12n) (X) :ul(x)7
ai

2n

bo
> AB,P(x20) = / P(x) dpa(x),

j=1
for every polynomial P of degree < 3n— 1.
Choose P(x) = m(x)gn(x), then
M g
Z BDrr0s2n)anl20) = [ 7x) an(e) dpa (),
ai

for every polynomial 7w of degree 2n — 1
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Simultaneous quadrature on two intervals

Quadrature rules:
2n

by
SN P(xj20) = / P(x) dyus (),

j=1 .

SNE >
> AP0 = | P() dia(),
j=1 2

for every polynomial P of degree < 3n— 1.
Choose P(x) = m(x)gn(x), then

by
Z XY 75 20)dn(3.20) = / 7(x) qn(x) dpia (),

for every polynomial 7w of degree 2n — 1

)\J(.’lz)nq,,(xj,g,,) =Nn(gndpr), 1<j<n, Gauss quadrature
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Simultaneous quadrature on two intervals

Quadrature rules:
1

2n ) by
D> AP (xj,20) :/ P(x) dp1(x),
=1 a

2

2n @) by
§ :)‘j,2nP(XJ'72") = / P(X) d:u2(X)7
= .

for every polynomial P of degree < 3n—1.
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Simultaneous quadrature on two intervals

Quadrature rules:
2n

by
Z)‘J(',lz)np(xfln):/ P(x) dpa(x),

=1 a1

2n @) by

> A PO = [ P() dia(),
=1 2

for every polynomial P of degree < 3n—1.
Choose P(x) = m(x)p2(x), then

2n by
1
> N2m(6.20)P3(20) = / m(x) pa(x) dpa (x),
j=n+1 o

for every polynomial 7 of degree n — 1.
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Simultaneous quadrature on two intervals

Quadrature rules:
2n

by
Z)‘J(',lz)np(xﬂn):/ P(x) dpa(x),

j=1 a

2n by
S B P(xj20) = / P(x) djia(x),
j=1

a
for every polynomial P of degree < 3n—1.
Choose P(x) = m(x)p2(x), then

2n

by
> A,(-,lz)nﬂ(w,zn)pﬁ(@,zn)z / 7(x) p2(x) dpa(x),

j=n+1 a
for every polynomial 7 of degree n — 1.

Interpolatory quadrature formula for [a1, b1] with quadrature nodes
on [, bs]



Possé-Chebyshev-Markov-Stieltjes inequalities

Theorem (Lubinsky-WVA)

Suppose 1 < ¢ < n and g : (—00, xp2n] — [0,00) has 2n
continuous derivatives, with

gM(x)>0, 0<k<2n

Then

14

‘= X0,2n
E k 2ng Xk2n) < / x) dpa(x E k. gng(xk 2n)
k=1 al
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Possé-Chebyshev-Markov-Stieltjes inequalities

Theorem (Lubinsky-WVA)

Suppose 1 < ¢ < n and g : (—00, xp2n] — [0,00) has 2n
continuous derivatives, with

gM(x)>0, 0<k<2n

Then
‘= X0,2n ¢
Z k2ng Xk,2n S/ x) dpz(x Z kgng(Xk 2n)
k=1 &l k=1

Follows from the Possé-Chebyshev-Markov-Stieltjes inequalities for
the measure g, duq and the fact that g/q, is completely
monotonic on [ag, b1].
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Chebyshev-Markov-Stieltjes inequalities

Forl1</<n-1

X¢+1,2n X¢41,2n
A< [l A4z [ dto)

X¢—1,2n ?,2n

and
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Chebyshev-Markov-Stieltjes inequalities

Forn+1</¢<2n-1
5 Xe+1,2n > X¢+1,2n
)\§,2)n < / dpa(x), >\( ) m /\53+)1 o / dua(x),
X¢—1,2n X¢,2n

and
2n

2
> A, < / dpia(x
k= n+1 a2
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Potential theory

Suppose that i} > 0 a.e. on [a1, bo] and b > 0 a.e. on [az, by].
Hy 2
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Potential theory

Suppose that pj > 0 a.e. on [a1, bp] and w5 > 0 a.e. on [ag, bo].

asymptotic distribution of the zeros of p,:

ai

1 b
Tim T3 Fxg20) = / F()dmn(x), e Clar, b))
=1
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Potential theory

Suppose that pj > 0 a.e. on [a1, bp] and w5 > 0 a.e. on [ag, bo].

asymptotic distribution of the zeros of p,:

ai

1 b
Jim D3 ) = [ G, e Clanbi])
=1

asymptotic distribution of the zeros of g,:

2n

1 b2

im 5 3 el = [ ednt, g et
j=n
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Potential theory

The limiting measures (1, 12) satisfy a vector equilibrium
problem

1) + 1(v2) + (1, v2) = min(1(72) + 1(72) + (71, 72) )
over all probability measures 7 on [a1, bi| and 7, on [ay, by], where
I(7:.7) / / og T—— d7() dri(»).

and /(T,') = I(T,',T,‘).
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Potential theory

Variational conditions for the potentials of v and v,

U(x; 1) :/Iog‘ ! ‘dul( y), U(x; uz):/logﬁdyg(y).
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Potential theory

Variational conditions for the potentials of v and v,
1 1
U(x; 1) = /Iog Py dvi(y), U(x;n) = /Iogm dun(y).

:gla X € [al7b*]7

2U(x; v1) + U(x;
(x;11) (x; 1) {>€1’ x € (b, b],
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Potential theory

Variational conditions for the potentials of v and v,

U(x; 1) :/Iog‘ ! ‘dul( y), U(x; uz):/logﬁdyg(y).

= ﬁl, X € [al,b*],
2U(x; v1) + U(x;
(x; 1) (x; 1) {> . xe (b bil,

— 627 X € [3*,b2],
U(x; 1) +2U(x; v
(i) (i v2) {> ly, x € [ag,a").
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Potential theory

Variational conditions for the potentials of v and v,

U(x; 1) :/Iog‘ ! ‘dyl( y), U(x; uz):/logﬁdyg(y).

= ﬁl, X € [al,b*],
2U(x; v1) + U(x;
(x; 1) (x; 1) {> . xe (b bil,

— 627 X € [3*,b2],
U(x; 1) +2U(x; v
(i) (i v2) {> ly, x € [ag,a").

o b* = by and a* = a

o b* < by and a* = a» three possibilities
@ b* = by and ap < a*
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Potential theory

by
W :/ P2(x) qn(x) dpa(x),

bo
m :/ q2(x) pa(x) dpa(x)
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Potential theory

by

ﬂq:w:/ po(x) n(x) dps ()
by

m:/ () Palo) dpals)

Asymptotic behavior of these norms

1/n 62/2‘

lim v,(qn d,ul)l/n = e€1/27 lim v,(pn dpo2) =€
n—oo n—oo

Gonchar-Rakhmanov 1981, Nikishin-Sorokin 1988/1991
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Estimates

For1 < j < n one has

3n
MY > A2 ), m= =,
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Estimates

Property
For1 < j < n one has

1 3n
Ao 2 Amlgznim),  m=[7].
If Ji is a closed subinterval of (a1, b1) and py is absolutely
continuous in an open neighborhood of Jy, while i is bounded
from below by a positive constant there, then

ORI

j2n = Xj2n € J1.
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Estimates

Suppose by < az. Then uniformly on compact subsets of (a1, b*)

MY, < (14 0(1)) A2 (35,201 p1)-
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Estimates

Property

Suppose by < az. Then uniformly on compact subsets of (a1, b*)

MY, < (14 0(1)) A2 (35,201 p1)-

If J1 is a closed subinterval of (a1, b*) and p1 is absolutely
continuous in an open neighborhood of J; and i} is bounded
above by a constant, then

1
Njan <

G
PR Xjon € J1.
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Convergence results: positive weights

Theorem (Lubinsky-WVA)

Let f be a continuous function on [a1, b1] and f(b*) =0, with
[a1, b*] = supp(v1). Then

n b*
Jim S A FOgan) = [ ) dpa ().

j=1 a1
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Convergence results: positive weights

Theorem (Lubinsky-WVA)
Let f be a continuous function on [a1, b1] and f(b*) =0, with

[a1, b*] = supp(v1). Then

n

b*
Jim S A FOgan) = [ ) dpa ().

j=1 a1

The first quadrature rule converges for functions f that can be
approximated by weighted polynomials (weight gn(x)), i.e., there
exists a sequence of polynomials (R,), such that

If— annH[al,bl] =0.

lim
n—oo
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Convergence results: positive weights

Theorem (Lubinsky-WVA)
Let f be a continuous function on [a1, b1] and f(b*) =0, with

[a1, b*] = supp(v1). Then

n

b*
Jim S AR 0520) = [ £ dia ().

=i a1

The first quadrature rule converges for functions f that can be
approximated by weighted polynomials (weight gn(x)), i.e., there
exists a sequence of polynomials (R,), such that

If— annH[al,bl] =0.

lim
n—oo

These are continuous functions that vanish outside (a1, b*)
[Totik, 1994].
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Convergence results: positive weights

Theorem (Lubinsky-WVA)
Let g be a continuous function on [az, by] and g(a*) = 0, with
[a*, bo] = supp(v2). Then

by

Jim Z & (x5.20) = / g(x) dpa(x).

j=n+1 *
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Convergence results: positive weights

Theorem (Lubinsky-WVA)
Let g be a continuous function on [az, by] and g(a*) = 0, with
[a*, bo] = supp(v2). Then

by

Jim Z & (x5.20) = / g(x) dpa(x).

j=n+1 *

The second quadrature rule converges for functions g that can be
approximated by weighted polynomials (weight p,(x)), i.e., there
exists a sequence of polynomials (S,), such that

1im [lg = Snpallfay.b) = O-
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Convergence results: positive weights

Theorem (Lubinsky-WVA)
Let g be a continuous function on [az, by] and g(a*) = 0, with
[a*, bo] = supp(v2). Then

by

Jim Z & (x5.20) = / g(x) dpa(x).

j=n+1 *

The second quadrature rule converges for functions g that can be
approximated by weighted polynomials (weight p,(x)), i.e., there
exists a sequence of polynomials (S,), such that

1im [lg = Snpallfay.b) = O-

These are continuous functions that vanish outside (a*, by)
[Totik, 1994].
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Convergence results: alternating weights

Theorem (Lubinsky-WVA)

Suppose that py > 0 on [a1, b1] and uh > 0 on [az, by], and
b1 < a. Then

lim |)\J(.,12)n|1/" = exp(2U(x; v1) + U(x;12) — El),

n—oo

whenever xj 2, — x € [a*, bo].
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Convergence results: alternating weights

Theorem (Lubinsky-WVA)

Suppose that py > 0 on [a1, b1] and uh > 0 on [az, by], and
b1 < a. Then

lim |AJ(}2)H|1/" = exp(2U(x; v1) + U(x;12) — El),

n—oo
whenever xj 2, — x € [a*, bo].

The weights |)\J(12)n| (n+1 <j < 2n) grow exponentially fast if
2U(x; 1) + U(x;12) > 43

The weights decrease to zero exponentially fast if
2U(x;v1) + U(x;12) < 47
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Example: two equal length intervals

4 -2 0 2 4
z
_1,
,2,
_3,
_47

The function 2U(z; 1) + U(z; 1») for [—3.26, —1] and [1, 3.26]
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Example: two intervals of different length

)

74

-15 -1 -0.5 0 05 1

The function 2U(z; 1) + U(z; 1) for [—1,0] and [0, 1]
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Example: two intervals of different length

7.8

7.6

7.4

7.21

74

6.8 1

6.6

6.4

6.2

-05 -04 -03 -02 -00 0 01 02 03
z

The function 2U(z;11) + U(z; 1) for [—1,0] and [0, ;] (detail)



Convergence result: equal length intervals

Theorem (Lubinsky-WVA)

Suppose both intervals [a1, bi] and [az, ba] are of the same size
and let by < ay. If f is continuous on [ay, bi] and [ap, by], then

by
nll_T)OZ J2n XJ2” _/ f(X)dﬂl(X)a

ai

by
n"j;oz Drflgan) = [ 1) dua).

az
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Example: two intervals of equal length

0.5

The potentials U(z; 1) and U(z; 1)
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Example: two intervals of different length

/

]

-1 -0.5 0
z

The potentials U(z; v1) and U(z; v2)

0.5
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Hermite-Padé approximation

Let
by x by x
gl - [ dia () o= | dpuz(x)

1 Z— X o Z— X

Hermite-Padé approximation to (g1, &2):

£1(2)Pan(z) ~ Qon1(2) = O iy ).

82(2)Pn,n(2) — Ron-1(2) = O<z"1+1>'
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Hermite-Padé approximation

Let
by x by x
gl - [ dia () o= | dpuz(x)

1 Z— X o Z— X

Hermite-Padé approximation to (g1, &2):

£1(2)Pan(z) = Qon-1(2) = O( 17 )

82(2)Pn,n(2) — Ron-1(2) = O<z"1+1>'

Then
n 1 n 2
Q@) N N @) N
Pn,n(z) - Z — Xj2n Pn,n(z) iz Z — Xj2n
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Hermite-Padé approximation

2n

(1) 1 Q2n-1(2)
> A lan) = 5 [ ()i e

j=1

1 Ron-1(2)
Z 12I1 X./72" - 27_”/rf(z) Pn,n(Z) dZ,

where I is a closed contour around [as, b1] U [az, bo].
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Convergence for analytic functions

If f is analytic in a domain Q2 that contains
C,% ={ze€C:2U(z;11) + U(z;v2) — t1 > v} with v <0, then

1/n
by
lim sup Z)\J(lz)nf (Xp.20) — f(x) dpi(x) <e.

n—o0 ar
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Convergence for analytic functions

If f is analytic in a domain Q2 that contains
C,% ={ze€C:2U(z;11) + U(z;v2) — t1 > v} with v <0, then

1/n
by
lim sup Z)\J(lz)nf (Xp.20) — f(x)dui(x)| <e€.

n—o0 ar

If f is analytic in a domain 2 that contains
={zeC:U(z;11) +2U(z;v2) — € > v} with v <0, then

1/n

by
lim sup Z)\J(z)nf (Xj.2n) —/ f(x) dpa(x) <ée7.
a

n—o0
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Conclusion

o Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

Walter Van Assche Simultaneous Gaussian quadrature



Conclusion

o Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

o Convergence for continuous functions if the intervals are of
the same size
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Conclusion

o Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

o Convergence for continuous functions if the intervals are of
the same size

o Problems if the intervals are not of the same size: no
convergence on the largest interval
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Conclusion

o Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

o Convergence for continuous functions if the intervals are of
the same size

o Problems if the intervals are not of the same size: no
convergence on the largest interval

o Quadrature weights are not all positive and some can grow
exponentially
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Conclusion

o Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

o Convergence for continuous functions if the intervals are of
the same size

o Problems if the intervals are not of the same size: no
convergence on the largest interval

o Quadrature weights are not all positive and some can grow
exponentially

@ Not recommended for Angelesco systems with intervals of
different size.
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Conclusion

(*]

Two quadrature rules with 2n nodes are exact for polynomials
of degree <3n—1

Convergence for continuous functions if the intervals are of
the same size

Problems if the intervals are not of the same size: no
convergence on the largest interval

Quadrature weights are not all positive and some can grow
exponentially

Not recommended for Angelesco systems with intervals of
different size.

More useful for measures having the same support, e.g.,

/ f(x)e_x2+clx dx, / f(x)e_X2+C2X dx, / f(x)e_x2+c3x dx

where ¢;/2 are the wavelengths for red, blue, green and f is a
light signal.
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